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Methods often used to shuffle real decks of 52 cards can be difficult to track. For mathematicians,
we can consider the following simple ways to suffle a deck of n cards.

GSR Riffle Shuffle: Let M be a binomial random variable Bin(n, %), and split the deck into
its top M cards and its bottom n — M cards. There are ( A’}) ways to riffle these two piles together,
preserving the relative order within each pile. Choose one of these arrangements uniformly at
random.

A rising sequence of a permutation ¢ is a maximal set of consecutive values that occur
in the correct relative order in . For example, if a permutation o transforms (1,2,3,4,5) into
(4,1,2,5,3), there are two rising sequences: (1,2,3) and (4, 5). It is clear that this method generates
the distribution @) on permutations, where

(n+1)/2" if o =id;

Qo) =4 2 if o has exactly two rising sequences;
0 otherwise.
Reverse Riffle Shuffle: Consider n cards wi,...,w,. Then, assign to each card either 0 or 1

with probability % Finally, move cards marked as 0 to the top, and move cards marked as 1 to the
bottom, respecting the relative order. Recall from Lecture 3 that the time reversal of a transition
matrix P is given by the formula

~

m(z)P(z,y) =n(y)P(y,x) Va,yeV,

where 7 denotes the stationary distribution. In our case, 7 is the uniform distribution and so we
have P(z,y) = P(y,z) for every z, y € V. Equivalently, for any permutation o € S we have that
P(c) = P(c~'). We claim that this method is the reversal of the previous one, and so it generates
the distribution @ Indeed, the cards labeled 0 form one increasing sequence in o', and the cards
labeled 1 form the other. Alternatively, the number M of cards labeled 0 has a binomial Bin(n, 3)

distribution, and given M, the locations of these cards are uniform among the ( ]\”4) possibilities.

We want to find bounds for the mixing time of these models. Recall that d(¢) measures the
distance from stationary after ¢ steps. Using the following result, it will suffice to study the Reverse
Riffle Shuffle.

Theorem 7.73. For a transitive Markov chain (in particular for a random walk on a group), the
chain and its time reversal have the same d(t) function and same mizing time.

The reason why we want to study the Reverse Riffle Shuffle is that we can find a strong stationary
time for it.
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Proposition 7.74. Let 7 be the number of reverse riffle shuffles required for all cards to have
different bitstring labels. Then, T is a strong stationary time.

Proof. Condition on the event that 7 = ¢. Since the bitstrings are generated by independent
fair coin flips, every possible assignment of strings of length t to cards is equally likely. Since
the labelling bitstrings are distinct, the permutation is fully determined by its labels. Hence, the
permutation of the cards at time 7 is uniform, no matter the value of 7. ]

Now, we just need to estimate the tail probabilities for the strong stationary time to obtain the
desired bound.

Theorem 7.75. For the riffle shuffle on an n-card deck, tmix < 2logy(n)+ 1 for sufficient large n.
Proof. Let t = 6logy(n) + ¢ where 6, ¢ > 0 will be conveniently chosen. Notice that

2
P(r >t) < <g’> 27t < %n—"w.

Taking § = 2 and ¢ = 1 gives P(t > t) < %. Since 7 is a strong stationary time we have
d(t) <P(r >t) (Notice that the initial state is not relevant for 7). Thus, tyix < 2logy(n) +1. O
We can also give a lower bound for the mixing time. Recall from Lecture 6 that for a state

x € V, the out-degree of x is the number of states accessible in one step from x, that is, dout(z) =
{y e V: Pz,y) > 0}

Theorem 7.76. For the riffle shuffle on an n-card deck, we have tmix(g) > 3 logy(n).

Proof. There are at most 2™ possible states accessible in one step of the time-reversed chain,
since we can generate a move using n independent unbiased bits. Thus, logy(A) < n, where
A = maxgcy doyt () is the maximum out-degree. Using an estimate from Lecture 6 gives

logs([V](1 —¢))  loga(n!(1 —¢))
logy(A) B n

tmix(E) 2 .
The result follows from applying Stirling’s formula, since it shows that logy(n!) = (14-0(1))nlogy(n).
([

Electrical networks provide a different language for reversible Markov chains. This point of
view is useful because of the insight gained from the familiar physical laws of electrical networks.

A network is a finite undirected connected graph G = (V, E) endowed with non-negative
numbers {c(e)}, called conductances, that are associated to the edges of G. We often write
c(x,y) for c({z,y}); clearly, c(x,y) = c(y, ). The reciprocal r(e) = 1/c(e) is called the resistance
of the edge e. Consider the Markov chain on the nodes of a network (G, {c(e)}) with transition
matrix

P(Jﬁ,y) =
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where c(z) = >, c(z,y). This is called the weighted random walk on G with edge conduc-
tances {c(e)}. Define m(z) = c(x)/cq, where cg = ) i c(x). Then, 7 is a probability measure
and this Markov chain is reversible with respect to it:

n(2)Pla,y) = WD ALY _ AW D) _ o 0y veyev

cg cx)  cq cy)

In particular, 7 is the stationary distribution of P. This shows that the weighted random walk on
a network is a reversible Markov chain. Reciprocally, every irreducible reversible Markov chain can
be seen as a random walk on a network. Given a reversible Markov chain with transition matrix
P and stationary distribution 7, it suffices to consider the conductances c({z,y}) = 7(x)P(z,y).

Recall that a function h: V — R is harmonic for P at a vertex x if

h(z) = P(z,y)h(y).

yev

When P is the transition matrix for a simple random walk on a network, being harmonic at = means
that h(x) is the (weighted) average of the values of h at neighboring nodes. Let us distinguish on a
network (G, {c(e)}) two nodes, a and z, which are called the source and the sink of the network. A
function W which is harmonic on V'\ {a, z} will be called a voltage. Without loss of generality, we
assume that W (a) > W(z). An oriented edge €@ = i is an ordered pair of adjacent nodes (z, ).
A flow 6 is a function on oriented edges which is antisymmetric, meaning that 6(z7) = —6(yt).
For a flow 6, define the divergence of 6 at x by

dive(z) = > 0(zp).

Yy~

Notice that for any flow 6 we have

D divo@) =) > 0= >, 1060 +06(5t) =0.

zeV z€V y~x {z,y}eF
Given a voltage W on G, we can define the current flow associated to W by

Wia) = W(y)

I(@,y) = ez y)(W(e) = W) = ===

Notice that divI(x) = 0 for any = ¢ {a,z}. Moreover, divI(a) > 0 and divI(z) < 0. When this
happens, we call it a flow from a to z. The strength of a flow 6 from a to z is defined to be
|10|| = div @(a). Notice that the current flow I also satisfies the cycle law, that is, if the oriented
edges e =, ... . &, form an oriented cycle (i.e., for some zg,...,x,—1 € V we have o = (Ti—1,%5),

where x,, = x¢), then
m

m
S H@EIE) = S W) — W) =0.
i=1 i=1

Notice that adding a constant to the voltage does not affect its harmonicity nor the current flow
it determines. Hence, we may assume that W (z) = 0, so the voltage W is uniquely determined by
W(a).
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Proposition 7.77. If 0 is a flow from a to z satisfying the cycle law

> r(e)o(e) =0

=1

for any cycle e1,. .., em and if ||0|| = ||I||, then 6 = 1.

Proof The function f = 6 — T is harmonic on V' \ {a,z} and satisfies the cycle law. Suppose
f ( i) > 0 for some oriented edge ei. Since f is harmonic, &1 must lead to some oriented edge €3
with f (62) > 0. Iterate this process to obtain a sequence of oriented edges on which f is strictly
positive. Since the underlying network is finite, this sequence must eventually revisit a node. The
resulting cycle violates the cycle law. O

Definition 7.78. Let (G, {c(e)}) be a network and let V' be a voltage function from a to z. The
effective resistance between vertices a and z is defined as

W(a) - W(z)

R(a <+ z) = Wl ,

where [ is the current flow associated to W. Similarly, the effective conductance between a and
z is defined by C(a <> z) = 1/R(a < z).

Let (G,{c(e)}) be a network where we distinguish two vertices a and z in V. Notice that we
can construct a voltage function from a to z by taking W (x) = P,(7, < 7). This produces the
following result.

Proposition 7.79. For any a, z € V with a # z,

B 1 ~ Cla < 2)
Po(r: <70) = c(@R(a+z)  cla)

Proof. Observe that

cla,z) W(a) —W(x) 1 0. 7)
P, ( TZ<7' ;Pa:c Tz<7'a)—a;l c(a) W(a) = (oR (a<—>z||IHZI
1 _ Cla+ 2)
Ccla)R(a<z) cla) =

r~a

Sometimes it is possible to replace a network by a simplified one without changing quantities of
interest, for example the effective resistance between a pair of nodes. The following laws are very
useful.

Parallel Law. Conductances in parallel add: suppose edges e; and es, with confuctances cq
and ¢y, respectively, share vertices v1 and vy as endpoints. Then, both edges can be replaced with a
single edge e of conductance c; + 02 yielding a new network G. All voltages and currents in G\ {e}
are unchanged and the current I(€) equals I(e]) + I(€3).



Series Law. Resistances in series add: if v € V '\ {a, z} is a node of degree 2 with neighbors
v; and vy, the edges (v1,v) and (v,v3) can be replaced by a single edge (v1,v2) of resistance
r(v1,v) 4 (v, v2), yielding a new network G. All voltages and currents in G\ {v} remain the same
and the current that flows from vy to vy equals I(v10) = I(v03).

Gluing. We define the network operation of gluing vertices v and w by identifying v and w and
keeping all existing edges. In particular, any edges between v and w become loops. If the voltages
at v and w are the same v and w are glued, then because current never flows between vertices with
the same voltage, voltages and currents are unchanged.

7-5
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Theorem 8.80 (Thomson’s Principle). In a connected network, G = (V, E) with {c(e)}ecE,

R(a > z) =inf{&E(0) : 0 is an unit flow} = E(I), (8.49)
where E(0) =Y. 0(e)*r(e) and I is the unit current flow.
Proof. Choose the flow 6* for which the set in (8.49) attains minimum. Let us verify that 6* follows

cycle law. Fix a cycle (xg,x1,...,2; = 2¢). Consider a unit flow,y through the cycle. The flow is
zero everywhere except at the cycle,i.e.,

1 ifr=x,y=x1
V@) =< —1 ifw=zy =z

0 otherwise,

where addition is in mod 1.

EO)SEO +ev) = Zre ) +er(e)]? = £ (6%) +2Z e) + O0(e?)

e =1
2
EI) = r(e)I*(e) = % > r(y)I(@)? = %Zr(aj,y) [W(?(x_g(y)}
eckE (x,y)eﬁ )

= LY el W) - W)

= L Y I )W) - W)

= ZI z,y)W Z W (z Z )
— W] - W] = W””;HW”
= R(a « 2)

0

Theorem 8.81. (Rayleigh’s Monotonicity Law). If {r(e)} and {r (e)} are two assignments of
resistances to the edges of the same graph G that satisfy r(e) < rl(e) for all e, then

R(a ¢ z;7) < R(a  z;71).
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Proof. As r(e) < (e), we know that
inf 0%(e) <inf > r'(e)6?
in ze:r(e) (e) < in z@:r (e)6%(e)
and applying Thomson’s Principle 8.80, we get the desired result. ]

Definition 8.82. An edge-cutset V¥ separating a from z if every path from a to z includes some
edge in W.

Lemma 8.83. If U is a cutset separating a,z and 0 is a flow a — z, then ) g |0(e)| > ||0] =

Proof. Let S be the set of vertices on one side of the cutset,i.e.
S ={v €V :3a path from a to v avoiding ¥}

The flow coming out from a should pass through the edges of cutset and hence,

16 =>"> 0xy) =D | D 0xy) + ) 0(zy)

veS Yy veS \y€eS yé¢S
=33 0ay) < [6(e)]
veS y¢S ec¥

0

Thomson’s Principle provides a way to upper bound effective resistances. Now we will discuss
Nash-William’s Inequality which helps us to give a lower bound to the effective resistance.

Theorem 8.84 (Nash-Williams inequality). Let {¥} be disjoint cutsets separating a and z.

Then
-1

R(a < z) > Z Z c(e) (8.50)
k

ecV,

Proof. Let 6 be a unit flow from a to z. For any k, by the Cauchy-Schwarz inequality

2

)
—~~
D
~
=
—~
D
S~—
>
—~
D
SN—
[\
v

> Vele)r(elbe)
eeV, eeV, eeVy
2

= X 16Ce)l

ecVy
I0]* = 1.

A\
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e

Figure 8.1: Random walk on a finte grid n x n

The last inequality follows from Lemma 8.83. Therefore

R(a <« z) = ZT(6)9(6)2 > Z Z r(e)d Z Z

e k eeVy k eeV,

O

Proposition 8.85. Let a = (1,1) be the lower left-hand corner of By, and let z = (n,n) be
the upper right-hand corner of B,. Suppose each edge of By, has unit conductance. The effective
resistance R(a <> z) satisfies
logn
2

< R(a+ z) <2logn.

Proof. We first try to prove the lower bound. Let 75 be the edge set
T = {{v,w} € E(Bn) : [[v]loc =k, |[w]|oc = k + 1}

, where ||(v1,v2)|lc = maxy,, 4,}. This is a cut-edge since in order to move from a to 2, one
must use one of the edges in the set 7, and they are disjoint sets. Now, since each edge has unit
conductance, ) c(e) = 2k. Hence by 8.84, we have that

eEcTy

n—1

1 logn
<~ — .
(a & 2) kz 2%k = 2

Now, we try to prove the upper bound. Thomson’s Principle says that the effective resistance is
the minimal possible energy of a unit flow from a to z. So to get an upper bound on resistance, we
build a unit flow on the square.

Consider Polya’s urn process. The sequence of ordered pairs listing the numbers of black and
white balls is a Markov chain with state space {1,2,...}2. Run this process on the square (note that
it necessarily starts at vertex a = (1, 1) and stop when you reach the main diagonal z +y = n+1).
Direct all edges of the square from bottom left to top right and give each edge e on the bottom



left half of the square the flow f(e) = P{the process went through e}. Give the upper right half
of the square the symmetrical flow values so that the flow satisfies Kirchoff’s node law. Now from
Polya’s urn process, it follows that for any k > 0, the Polya’s urn process is equally likely to pass
through each of the k + 1 pairs (7, j) for which i + j = k£ + 2. Consequently, when (i, ) is a vertex
in the square for which i + 7 = k + 2, the sum of the flows on its incoming edges is %ﬂ . Thus the
energy of the flow f can be bounded by,

n—1 2
E(f) < Z2<k;1> (k+1) < 2logn.

k=1

From now on we consider Markov chains which are irreducible and aperiodic.

Definition 8.86. The commute time between nodes a and b is the expected time to start from
a, reach b and then return back to a. Let 75, = min{t: z; = a,3s € (0,t), zs = b} then commute
time,

tacss = EaToa = EyTap = Eq (1) + Ey (74) -

Consider a stopping time 7, then the Green’s function of the random walk at this stopping
time is defined as,

G:(a,b) =E,

T—1
D 1{x = b}]

t=0
Suppose T is stopping time with E,7 < oo and P,(X; = a) = 1 then tracing the steps of (2.5) we

can conclude that,
Gr(a,b) = w(b)E4[7] (8.51)

Proposition 8.87 (Commute time formula). t,, = R(a <+ b)Ciop where Chop = Y, oy ()

Proof. The time 7, is a stopping time. Hence, from (8.51),
GTba (av a) = W(G)Ea [Tba]-

G, (a,a) estimates the number of times it hits a before hitting b as after hitting b it only searches
of a(and note that the last visit is not counted). Therefore, G, (a,a) = G, (a,a). The number of
visits to a before visiting b has a geometric distribution with parameter P, (7, < 7).

1
TP <) (8.52)
=c(a)R(a <> b)

7(a)Eq[ma) = G, (a, a)

tacsy = Ea[ma] = R(a ¢ b) C((‘;)) = R(a ¢ b)Croy

S
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As a consequence of the spectral decomposition of a transition matrix, we have the following
result.

Lemma 9.88. Let (X;) be a reversible Markov chain with transition matriz P. Then, (P*(z,z))i>0
is a decreasing sequence for any initial state x. If (X3) is also lazy, then (P (x,z))i>0 is a decreasing
sequence as well.

The following result relates the mean hitting time of a state x to return probabilities.

Theorem 9.89. Consider a finite irreducible aperiodic chain with transition matrix P and station-
ary distribution m on V. Then, for any x € V,

(@)En(re) = Y P'(x,2) - 7(x),
t=0
where Br (1) = Y ey (V) Ey(72).

Proof. Define = min{t > m: X; = z}, and write p,, = P™(z,-). Recall that

M1

Gon(@y) =B [ Y Lixemy | = 7(@)E(ri™)
k=0

By taking y = x we can represent the expected number of visits to x before time we can represent

the expected number of visits to x before time Tém) as

—_

= PHe,2) = 1(@)Ea(r™) = 7(@)(m + By, (72)).
k=0

Thus, Zl:_ol(Pk(x, z) —m(z)) = n(x)E,,, (7). We can send m — oo to complete the proof. O

As an application of the previous results, we obtain the following useful bound for the mixing
time.

Theorem 9.90. Consider a finite lazy reversible chain with transition matriz P and stationary
distribution m on V. Then,

tmix < leea&(Efr(Tz) + 1.

In particular, if thi, = max, yev Ey(72), then tmix < 2tpi + 1.



