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In this lecture we will present some notions and tools that will be useful when studying the
concept of mixing time. The first one is the general concept of time reversal.

Definition 3.32. Consider an irreducible transition matrix P with stationary distribution 7. The
time reversal matrix of P is denoted by P and it is given by the formula

m(2)P(z,y) = 7(y)P(y,x) Va,y€V.

Notice in the above definition that 7(y) > 0 as P is irreducible. It is easy to check that Pisa
transition matrix. Indeed,

S Plya) = = S w(@)Play) = —omly) = 1

zeV W(y)mev

The transition matrix P corresponds to the Markov chain that we obtain when we reverse time in
P. Therefore, the stationary distribution 7 of P is also stationary for P:

mP(z) = Z 7(z)P(z, 2) = Z m(z)P(z,z) = w(z).

zeV zeV

The following simple Markov chain will be used as a tool to study more complex ones in the
future. A coupon collector desires to complete set of n different types of coupons. We suppose
each coupon he acquires is equally likely to be each of the n types. In other words, if U; is a
random variable taking values in {1,...,n} that represents the i-th coupon, then (U;) is a sequence
of independent uniformly distributed random variables {1,...,n}.

Let N; denote the number of different types the collector obtained after the first £ coupons. Let
71 be the total number of coupons accumulated when the collection first contains k distinct coupons,
that is, 7, = min{¢: N; = k}. We are specially interested in the case k = n, that corresponds to
the case when the collector has completed the collection. We might be interested in the expected
number of coupons the collector needs to buy for this to happen, or in the variance of this random
variable.

Clearly Ng = 0. When the collector has coupons of k different types, there are n — k types
missing. Of the n possibilities for his next coupon, only n — k& will expand his collection. Hence

—k
P{Npyy =k+1| Ny =k} ="_

and L
P{Ny1=k| Ny =k} =—

n .
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Every trajectory of this chain is non-decreasing. Once the chain arrives at state n (corresponding
to a complete collection), it is absorbed there. We are interested in the number of steps required
to reach the absorbing state.

Proposition 3.33. Consider a collector attempting to collect a complete set of coupons. Assume
that each new coupon is chosen uniformly and independently from the set of n possible types, and
let T be the (random) number of coupons collected when the set first contains every type. Then

T) = nzn:]lf
k=1

Proof. The expectation E(7) can be computed by writing 7 as a sum of geometric random variables.
First, 71 = 1. Next, observe that 7541 — 7 is a geometric random variable with parameter p = "Tfk
for k=1,...,n — 1: after collecting 73 coupons, there are n — k types missing from the collection.
Each subsequent coupon drawn has the same probability (n — k)/n of being a type not already

collected, until a new type is finally drawn. Then
T=Tpn=T1+ (2 —71) 4+ + (Th — Tn-1)-

The expectation of these geometric variables is E(7p41 — 7%) = n/(n — k) and

n—1 n—1 n
1
k=1 k=1

One can check that |y ), 1/k —logn| < 1, whence |E(7) — nlogn| < n. We will need to know
more about the distribution of 7 in future applications. Next, we are interested in estimating its
variance.

Proposition 3.34. Let 7 be a coupon collector random variable, as in Proposition 3.33. Then

Var(t) < 2n?.

The above estimation tells us that 7 is concentrated around its mean E(7). Indeed, one can
apply Chebyshev’s inequality to show that % converges in probability to 1.

Proof. Notice that (7541 — Tk)Z;ll is a sequence of independent variables. Moreover, Var(7;) = 0.

Therefore,
n—1

Var(r Z Var(mg+1 — Tk)-
k=1

Finally, the variance of a geometric variable can be bounded above by the square of its mean. Thus,

n—1
1
Va.r(T) S n2 Z m S 2“2. O
k=1
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The next result says that 7 is unlikely to be much larger than its expected value.

Proposition 3.35. Let 7 be a coupon collector random variable, as in Proposition 3.33. For any
c>0,
P{r > [nlogn+cn]} <e “.

Proof. Let A; be the event that the i-th type does not appear among the first [nlogn+cn| coupons
drawn. Observe first that

n

P{r > [nlogn+cn]} =P (U AZ-) < Zn:]P’(Ai).

i=1

Since each trial has probability 1 — n~! of not drawing coupon i and the trials are independent,
the right-hand side above is equal to

n log n+cn
1 [nlog I
3 (1 B > < nexp (J’Logan) _ < 0
n n

=1

As we defined in Lecture 1, the total variation distance between two probability distributions
1 and v on a finite state space V is defined as

= vy = 5 3 lnle) — vl
zeV

As it often happens with important concepts in mathematics, there are different equivalent defini-
tions for the total variation distance, each of them useful depending on the situation. For instance,
one can easily check that

ln=vllry = D> pla)—vi@)= Y v(z) - pl).

w(@)>v(z) v(z)>p(x)
Similarly, we have the useful formula
I = vllry = max{u(4) = v(4): AC V}.

This maximum is clearly attained for A = {x € V: p(x) > v(z)}. A different formula appears
when we consider functions from V' to [—1,1].

Proposition 3.36. Let pu and v be two probability distributions on a finite state space V. Then
1
ln=vlirv = gmaxq [ fdp— [ fdo: f: V —[-1,1] .

Since V' is a finite state space we have [ fdu = Y .y f(z)u(xz). We also use the notation
pf: = [ fdp.
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Proof. First, for any f: V — [—1, 1] notice that

uf —vfl= | f@)(p) —v(@)| < Y |ul@) = vi)] = 2)p - vy

zeV zeV

Therefore, max{uf —vf: f: V. — [-1,1]} < ||u — v||rv. For the other direction, consider the
function g: V' — [—1, 1] given by

if p(x) > v(w);
glx) =40 if p(z) = v(z);
-1 if p(x) < v(z).

Then, a simple computation shows that pg — vg = 2||u — v||7v. O

Another characterization of the total variation distance uses the notion of coupling. Coupling
is one of the most useful tools when studying Markov chains. Although it might provides visual
and deep arguments, it often requires a careful treatment. Given two distribution probabilities u
and v on a state space V, a coupling is a distribution v on V' x V that projects to p and v, that
is, u(A) =y(A x V) and v(A) =~(V x A) for every AC V.

Example 3.37. Let u be the uniform distribution on {1, 2,3} and let v be the uniform distribution
on {2,3,4}. One can see V = {1, 2, 3,4} as their common state space. We want to find the coupling
v that maximizes the measure of the diagonal A = {(x,z): © € V}. Let X be a random variable
with distribution . If X =2 or X3, let Y = X. If X =1, let Y = 4. Let ~ be the joint distribution
of (X,Y). Then, v is a coupling of p and v and y(A) = % One can use the fact that X = 1 with
probability % to show that this is the best we can do.

Proposition 3.38. Let p and v be two probability distributions on a finite state space V. For
A ={(z,x): z € V} we have

| — v||7y = min{l — y(A): v couples p and v}.

Proof. Given A C V and a coupling « of u and v,
H(A) = p(A) = 5(A x V) = 5(V x A) < (Ax V) = 1(Ax A) = 7(A x (V' \ 4))
<A({(@ )z # yp) =1 —~(A).

Hence, taking maximum over A C V' gives |[u — v||7y < min{l — v(A): 7 couples p and v}. For
the other inequality, define

_Jmin{u(z),v(z)} if p(z) = v(z);
V@Y) = G@-r) e D p0Ds i ) £ (),

lp—vlrv

where 7y = max{0,r} for any r € R. First, we need to check that v is a coupling of u and v.
Indeed, observe that

() = v(z))

+
H,U'_VHTV HM_VHTV :,u,(.f(})

> (x,y) = min{p(@), (@)} +

yev
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Similarly, Y oy v(z,y) = v(y). Finally,

Y{(@y):z#y}) =Y (ulz) —v(@)s = |u—virv. O

zeV

Let P be the transition matrix of a Markov chain defined on a finite state space V. Given two
probability measures p and v on V', we claim that ||Pu— Pv|ry < || —v|rv. In other words, the
distance between p and v decreases after one step of the chain. In this case it is convenient to use the
characterization of the total variation distance given in Proposition 3.36. Given f: V — [—1,1],
we can consider the function Pf: V — [~1,1] given by Pf(y) = > oy f(z)P(x,y). Then,

2||Pu—Pv|ry = max{uPf—vPf: f: V — [-1,1]} <max{uf-vf: f: V — [-1,1]} = 2||p—v| V.
We have now everything we need to measure the distance from stationary. For this purpose, define

d(t) = max 1P (x,-) = l7v. (3.11)

Notice that P!(x,-) = 6, P. Since every distribution p can be written as an average of distributions
of the form §,, we also have

d(t) = max{HuPt — 7||py: p is a distribution on V'}.

Instead of measuring the distance from stationary, we are also interested in measuring the distance
between probability distributions of the form d, and d, as we run the chain. Define

d(f) = max{z,y € V}|P'(z,-) — P'(y,")||l7v. (3.12)

These two distances are closely related.

Lemma 3.39. If d(t) and d(t) are defined as in (3.11) and (3.12), then

d(t) < d(t) < 2d(t).

Proof. From the triangle inequality for the total variation distance we obtain d(t) < 2d(t). To show
that d(t) < (d)(t), notice that

1P (@, ) = mllry = ||[P'a,-) = D w@)Py. )| =D 7)) = Py, )| <d(b).

yev TV yev TV

The advantage of working with d is showed by the following result.

Lemma 3.40. The function d is submultiplicative: d(s +t) < d(s)d(t).



Proof. Fix x, y € V and let (X;) and (Y;) be Markov chains with transition matrix P that start at
states x and y, respectively. We must bound ||P'™*(z,-) — P**(y,-)||rv. Using Proposition 3.38,
we can consider a coupling y; of X; and Y; such that v({X; # Yi}) = [|0.P" — 6, Pt||rv < d(t).
Moreover, notice that

P (z,w) =) Pl(x,2)P*(z,w) = B(P*(Xy, w)).
zeV

Therefore, for any A C V we have

P'(2, A) — P'(y, A) = E(P*(X,, A) - P*(Yi, 4)) < E(d(s)Lx, 2x,) = d(s)B(X; # Y1) < d(s)d(t)

where the expectation is with respect to ~. O

As we will discuss in future lectures, the mixing time is defined as tpix = min{t: d(t) < 1}.
An important consequence of Lemma 3.40 is that d(¢tnix) < 2= for any £ € N.

3-6
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Definition 4.41. A Coupling of two probability distributions p and v is a pair of random variables
(X,Y), defined on the same probability space, such that the marginal distribution of X is p and
the marginal distribution of Y is v.

In this lecture, the couplings that we mainly discuss are Markovian Couplings.

Definition 4.42. We define a coupling of Markov chains with transition matrix P to be a process
(X, Y2)§2, with the property that both (X;) and (Y;) are Markov chains with transition matrix P,
although the two chains may possibly have different starting distributions.

Given a Markov chain on X with transition matrix P, a Markovian coupling of two P-chains is
a Markov chain {(X¢, ;) }+>0 with state space x x x which satisfies, for all z,y, z
P{X;y1 =2 |X, =Y, =y} = P(x,2) (4.13)
P{Yi1 =y |Xi ==Y, =y} =P(y,y). (4.14)

Remark 4.43. Any Markovian coupling of Markov chains with transition matrix P can be modified
so that the two chains stay together at all times after their first simultaneous visit to a single state
more precisely, so that if X; =Y, then X; =Y for t > s.

Proposition 4.44. Let p and v be two probability distributions on X. Then

| —v|lry = inf{P{X #Y}:(X,Y) is a coupling of p and v}. (4.15)

Proof. First, we note that for any coupling (X,Y) of 1 and v and any event A C X,
§(A) — V(A) = P{X C A} — P{Y C A}

<P{XCAY ZA) (4.16)
<P{X#Y}.
It immediately follows that
|l —v||ry = inf{P{X #Y}:(X,Y) is a coupling of p and v}. (4.17)
U

Theorem 4.45. Let {(Xy,Y:)} be coupling satisfying 4.41 for which Xog = x and Yo =y. Let Teoq
be the coalescence time of the chains:

Teoal := min{t : Xs =Y for all s > t}. (4.18)

Then
||Pt(:L‘, ) - Pt(yv ')HTV < Px,y{Tcoal > t}- (4.19)
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Proof. Notice that P!(x,z) = Py, {X¢ = z} and P'(y, z) = P, ,{Y; = z}. Consequently, (Xt,Y;) is
a coupling of P!(z,-) with P!(y, ), whence Proposition 4.44 implies that

HPt(xv ) - Pt(ya ')HTV < Px,y{Xt ?é Y;E} (4.20)

0

Fact 4.46. Applying Markov’s inequality, we arrive at the inequality:
E(Tcoal)
ra

HPt(xa ) - Pt(ya ’)HTV < Px,y{Xt 7& Y;f} < (421)

Now, we discuss some Fzxamples which illustrates the importance of couplings.

Example 4.47. Random Walk on Hypercube

Choose Uy ~ Unif{1,...,n}. Given initial states z,y € {0,1}" =V, we define Xy, Y; via same Uy,
bs. Replace coordinate U; by
{1, with probability %
t =

0, otherwise

That is we first, pick among the n coordinates uniformly at random; suppose that coordinate
1 is selected. In both walks, replace the bit at coordinate ¢ with the same random fair bit. From
this time onwards, both walks will agree in the i-th coordinate.
If 7 is the first time when all of the coordinates have been selected at least once, then the two
walkers agree with each other from time 7 onwards and 7., = 7, of the coupon collector problem.
Therefore,
d(nlogn +cn) <P{r >nlogn+cn} <e ° (4.22)

It is immediate from the above that
tmiz(€) < nlogn +log(1l/e)n.

Example 4.48. Random walk on the cycle.

We defined random walk on the n-cycle. The underlying graph of this walk, Z,, has vertex set
{1,2,...,n}. and edges between j and k whenever j =k +1 mod n.

Again, we have two markov chains X;, Y;. And, the coupling rules are as follows: If X chain jumps,
Y doesn’t jump, and vice-versa. And at the time of coalescence, X; and Y; becomes equal and
continue together.

Let us denote D; = clockwise distance between X; and Y;.

If Xy #Y;, then 0 < D, < n.

- k(n—k) _n?
D SRW
d(t) < mx%xIP’(Twal >t) = km:%); P(T{Oyl} >t) < mkaXEk(T{Oyn} ) = max . < pre (4.23)

Therefore, ti, < n?. Now, X; = S; mod n where S; is lazy walk on Z.
E(S¢) =0 Var(S,) = 4. By Chebyshebs’ inequality, we get that P(|S;| > v2v/t) < .
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Therefore, Po(A;) < Py(A;) < 1. And, when we take v2t = n/4, A; = {distz, (X¢,0) > n/4},
m(Ay) > 1/2 = 7m(A) —Po(Ay) > 1/4 = tpip >t = g—; Hence, it is proved that g—; < iz < N2

Example 4.49. Random walk on the torus.

The d-dimensional torus is the graph whose vertex set is the Cartesian product:
2 =T X ... X L. (d times).

Vertices = = (x1,...,14) and y = (y1,¥2, ..., ya) are neighbours in Z if for some j € {1,2,...,d},
we have 2! =y’ for all i # j and 2/ =9/ £ 1 mod n.
To connect a random walk (X;) that begins at x with a random walk (Y;) that begins at y, first
choose one of the d locations at random. If the locations of the two walks coincide in the specified
coordinate, we move both walks by +1, —1, or 0, with probability of 1/4, 1/4, and 1/2, respectively.
If the locations of the two walks differ in the specified coordinate, we choose one of the chains at
random to move while keeping the other unchanged. The selected walk is then moved by +1 or —1
in the specified coordinate, with the sign decided by a fair coin flip. Let Xt = (X},...,X{) and
Y; = (Y,,...,Y9), and let
7= min{t > 0: X} =Y/}

be the time required for the chains to agree in coordinate i. The clockwise difference between X}
and Y}, viewed at the times when coordinate i is selected, behaves just as the coupling of the
lazy walk on the cycle Z, discussed above. Thus, the expected number of moves in coordinate 4
needed to make the two chains agree on that coordinate is not more than n?/4. Since coordinate
i is selected with probability 1/d at each move, there is a geometric waiting time between moves
with expectation d, ,

Ezx,y(m;) < d%
The coupling time we are interested in is Teoyupie = Maxi<i<q 7 , and we can bound the maximum
by a sum to get

d?n?
Eﬂf,y(Tcouple) < 1 .
Therefore,
E T, I 1 d2n2
Pm,y{Tcouple > t} § xJJ( coup e) S Z : .

Hence, we can say that t,,;, < d’n?.

Definition 4.50. A family of o-algebras {F;}:cn is said to be a filtration if F; C Fqq

A filtration is Markovian if the o-algebra generated by Xg, X1, -+, X; is contained in F; i.e.,
o(Xo, X1, -+, X3) C F for any t it satisfies the following equation,

P(Xi11 = y|Ft) = P(Xe,y). (4.25)

Consider, the lazy random walk on hypercube. Let Uy ~ {1,2,...,n} beii.d. and b; ~ Bernoulli(%)
be i.i.d. Whence, the lazy random walk can be modelled as,

Xi(j) ) #U

4.26
by if j = U, (4.26)

Xer1(j) = {



Fix Xo = z, and define F; = o(Uy,Uy,...,U, by, b1,...,b;). Then it can be observed that
o(Xo, X1, ,X) C Fi. It can be easier to think of filtrations as refining sets of partitions of
the sample space.

Definition 4.51. A non-negative integer valued random variable 7 is called a stopping time if
for any t {r <t} € F;.

Hitting time of a set A C X is defined as
74 = min{t : X; € A}

Definition 4.52. Stationary time is a stopping time with respect to a Markovian filtration {F;}
such that,

P {X: =y} =7(y)

In other words, stationary time is the random time after which the distribution of the Markov
chain achieves stationarity.

Definition 4.53. A stationary time is said to be strong stationary if X, is independent of T,
i.e.

P AX,=ylr=t}=n(y)Vt >0

Example 4.54. Let (X;) be an irreducible Markov chain with state space X and stationary dis-
tribution 7. Let U be a random object distributed as 7 and assume 7 = min{t > 0 : X; = U}.
Let F; = o(U, X¢, X1,...,Xt). The time 7 is an Fi-stopping time, and because X; = U, it follows
that 7 is a stationary time. If the Markov chain starts at « then P,{X; = y|T = 0} = d,(y). This
shows that the time is not strong stationary.

Consider lazy random walk on hypercube, with U; ~ Uniform{1,2,...,n} where U; denotes
the co-ordinate chosen at time t. The time when all the co-ordinates are chosen, 7 = min{¢ :
{U1,..., U} = [n]}, is a strong stationary time.
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